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Abstract
This paper concerns two conditions, called right p.p. and generalized right p.p., which are gen-
eralizations of Baer rings and von Neumann regular rings. We study the subrings and extensions
of them, adding proper examples and counterexamples to some situations and questions that
occur naturally in the process of this paper. c© 2002 Elsevier Science B.V. All rights reserved.
MSC: 16D15; 16D40; 16U20
1. Introduction
Throughout this paper all rings are associative with identity. We continue, in this
note, the studies of them by Chase [2], Endo [7], Oˆhori [12], Small [13] and Chatters-
Xue [4]. By Kaplansky [9], a ring R is called Baer if the right annihilator of every
nonempty subset of R is generated by an idempotent. The concept of Baer ring is left–
right symmetric by Kaplansky [9, Theorem 3]. Closely related to Baer rings are p.p.
rings and generalized p.p. rings; a ring R is called a right p.p. ring if each principal
right ideal of R is projective, or equivalently, if the right annihilator of each element
of R is generated by an idempotent. A ring is called a p.p. ring if it is both right
and left p.p. ring. The concept of p.p. ring is not left–right symmetric by Chase [2].
A right p.p. ring R is Baer (so p.p.) when R is orthogonally Enite by Small [13],
and a right p.p. ring R is p.p. when R is abelian by Endo [7]. Moreover Chatters and
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Xue [4, Theorem 2] proved that in a duo p.p. ring R if I is a Enitely generated right
projective ideal of R then I is left projective and a direct summand of an invertible
ideal. A ring R is called a generalized right p.p. ring if for any x∈R the right ideal
xnR is projective for some positive integer n, depending on x, or equivalently, if for
any x∈R the right annihilator of xn is generated by an idempotent for some positive
integer n, depending on x. Left cases may be deEned analogously. A ring is called a
generalized p.p. ring if it is both generalized right and left p.p. ring. Baer rings are
clearly right (left) p.p. rings, von Neumann regular rings are right (left) p.p. rings
by Goodearl [8, Theorem 1:1], and -regular rings are generalized p.p. rings in the
same sense as von Neumann regular rings. Right p.p. rings are generalized right p.p.
obviously.
2. Right p.p. rings and generalized right p.p. rings
Given a ring R, the center of R is denoted by Z(R) and rR(−) (resp. lR(−)) is
used for the right (resp. left) annihilator over R. A ring is called reduced if it has
no nonzero nilpotent elements. A ring R is called semicommutative if for every a∈R,
rR(a) is an ideal of R. A ring is called abelian if every idempotent in it is central.
Reduced rings are semicommutative and semicommutative rings are abelian. A ring R
is called orthogonally 5nite if there are no inEnite sets of orthogonal idempotents in
R. We start with the following connections.
Lemma 1. Given a ring R we have the following assertions:
(i) R is an abelian ring ⇔ R is a reduced ring ⇔ R is a semicommutative ring ;
when R is a right p.p. ring.
(ii) R is a right p.p. ring ⇔ R is a Baer ring; when R is orthogonally 5nite.
(iii) R is a right p.p. ring ⇔ R is a p.p. ring; when R is abelian.
(iv) R is a generalized right p.p. ring ⇔ R is a generalized p.p. ring ⇔ R is a right
p.p. ring ⇔ R is a p.p. ring; when R is a reduced ring.
Proof. (i) It suKces to show that abelian right p.p. rings are reduced. Let x∈R with
x2 = 0. Then x∈ rR(x), and rR(x)= eR for some idempotent e∈R since R is right p.p.;
hence x= ex= xe=0. (ii) By Small [13]. (iii) By Endo [7, Proposition 2]. (iv) By
Oˆhori [12, Proposition 1] and (iii).
For a ring R and an (R; R)-bimodule M , let T (R;M)= {(a; x) | a∈R and x∈M} with
the addition componentwise and the multiplication deEned by (a1; x1)(a2; x2)= (a1a2;
a1x2 + x1a2). Then T (R;M) is a ring which is called the trivial extension of R by M .
Notice that T (R;M) is isomorphic to the ring of matrices
(
a x
0 a
)
; where a∈R; x∈M
and the usual matrix operations are used. Note that given a reduced ring R the triv-
ial extension of R by R is semicommutative by simple computations. We give more
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examples of generalized p.p. rings, which are extensions of trivial extensions via iso-
morphisms, as in the following.
Lemma 2. Let S be an abelian ring and de5ne



a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a


|a; aij ∈ S


denote= Rn with n a positive integer¿ 2:
Then every idempotent in Rn is of the form

f 0 0 · · · 0
0 f 0 · · · 0
0 0 f · · · 0
...
...
...
. . .
...
0 0 0 · · · f


with f2 =f∈ S and so Rn is abelian.
Proof. We proceed by induction on n. Suppose that(
c d
0 c
)(
c d
0 c
)
=
(
c d
0 c
)
with
(
c d
0 c
)
∈R2:
Then we have the following computations: c2 = c and cd+dc=d⇒ cd+ cdc= c2d+
cdc= cd⇒ 0= cdc= c2d= cd=dc because S is abelian, so d=0. Thus, every idem-
potent in R2 is of the form
(
f 0
0 f
)
with f2 =f∈ S. Next let
A=


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a


∈Rn
be an idempotent. Then the following two n− 1 by n− 1 matrices are idempotents in
Rn−1:

a a12 a13 · · · a1(n−1)
0 a a23 · · · a2(n−1)
0 0 a · · · a3(n−1)
...
...
...
. . .
...
0 0 0 · · · a


and


a a23 a24 · · · a2n
0 a a34 · · · a3n
0 0 a · · · a4n
...
...
...
. . .
...
0 0 0 · · · a


;
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so the aij’s in them are zero and a2 = a by the induction hypothesis. Consequently we
have
A=


a 0 0 · · · 0 a1n
0 a 0 · · · 0 0
0 0 a · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · a 0
0 0 0 · · · 0 a


with aa1n + a1na= a1n. a2 = a gives aa1na=0, so 0= aa1na= a2a1n= aa1n= a1na=0
since S is abelian; hence a1n=0. Therefore, every idempotent in Rn is of the form

a 0 0 · · · 0
0 a 0 · · · 0
0 0 a · · · 0
...
...
...
. . .
...
0 0 0 · · · a


with a2 = a∈ S. It then follows that Rn is abelian since S is abelian.
Proposition 3. Let S be an abelian ring and let Rn; with n¿ 2; be the ring in Lemma
2. Then S is a generalized right p.p. ring if and only if Rn is a generalized right p.p.
ring.
Proof. (Su:ciency): Let a∈ S and consider
A=


a 0 0 · · · 0
0 a 0 · · · 0
0 0 a · · · 0
...
...
...
. . .
...
0 0 0 · · · a


∈Rn:
By the condition, rRn(A
k)= eRn for some e2 = e∈Rn and positive integer k. Then by
Lemma 2 there is f2 =f∈ S such that
e=


f 0 0 · · · 0
0 f 0 · · · 0
0 0 f · · · 0
...
...
...
. . .
...
0 0 0 · · · f


;
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so fS ⊆ rS(ak). Next let b∈ rS(ak), then


b 0 0 · · · 0
0 b 0 · · · 0
0 0 b · · · 0
...
...
...
. . .
...
0 0 0 · · · b


∈Rn
is contained in rRn(A
k)= eRn, so b∈fS. Thus S is also a generalized right p.p.
ring.
(Necessity): We proceed by induction on n. First, we claim that the trivial extension
R2 of S by S is a generalized right p.p. ring. Denote R2 by R and
(
a b
0 a
)∈R. For any
positive integer t,
(
a b
0 a
)t
=
( at bt
0 at
)
with bt = aa · · · ab+ aa · · · ba+ · · ·+ aba · · · a+
baa · · · a (note that bt has t terms and any term of it contains t−1 a’s and one b). Since
S is a generalized right p.p. ring by the condition, rS(am)=fS for some f=f2 ∈ S and
positive integer m. Since S is abelian, rS(am)=rS(am+1)=rS(am+2)= · · ·=rS(a2m)= · · ·
=fS by Oˆhori [12, Lemma 3]. Consider
(
a b
0 a
)2m
=
( a2m b2m
0 a2m
)
, and let e=(
f 0
0 f
)
based on Lemma 2. Then e2 = e and note that the left or right side of b
of any term in b2m contains ak with k¿m. Thus, b2mf=0 because S is abelian;
hence eR ⊆ rR
((
a b
0 a
)2m)
. Next set
( a2m b2m
0 a2m
)(
c d
0 c
)
=0 with
(
c d
0 c
)∈R. Then
we have the following computations: a2mc=0= a2md + b2mc ⇒ c∈ rS(a2m)=fS, so
c=fc ⇒ 0= a2md + b2mc= a2md + b2mfc= a2md ⇒ d∈ rS(a2m)=fS, so d=fd ⇒(
c d
0 c
)
= e
(
c d
0 c
)∈ eR. Consequently rR(( a2m b2m0 a2m ))= eR because e∈ rR(( a2m b2m
0 a2m
))
and c; d∈fS for ( c d0 c )∈ rR(( a2m b2m0 a2m )). Therefore, R is a generalized
right p.p. ring, having that f=f2 ∈ S, rS(a2m)=fS and rR
((
a b
0 a
)2m)
=
rR
(( a2m b2m
0 a2m
))
=
(
f 0
0 f
)
R. Next let
B=


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a


∈Rn:
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Consider


a a12 a13 · · · a1(n−1)
0 a a23 · · · a2(n−1)
0 0 a · · · a3(n−1)
...
...
...
. . .
...
0 0 0 · · · a


let=B1
and


a a23 a24 · · · a2n
0 a a34 · · · a3n
0 0 a · · · a4n
...
...
...
...
. . .
...
0 0 0 · · · a


let=B2
in Rn−1. Then by the induction hypothesis and Lemma 2, there are e2i = ei ∈Rn−1,
f2i =fi ∈ S and positive integers ki for i=1; 2 such that rRn−1 (Bkii )= eiRn−1,
ei =


fi 0 0 · · · 0
0 fi 0 · · · 0
0 0 fi · · · 0
...
...
...
. . .
...
0 0 0 · · · fi


and rS(aki)=fiS. Put k =max{k1; k2}. Then since S is abelian it follows that rS(a2k)=
rS(ak)= rS(ak1 ) = rS(ak2 ) by Oˆhori [12, Lemma 3]. Say rS(a2k)= PfS with Pf
2
= Pf∈ S
and
Pe=


Pf 0 0 · · · 0
0 Pf 0 · · · 0
0 0 Pf · · · 0
...
...
...
. . .
...
0 0 0 · · · Pf


;
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in this situation, we may let Pf=f1 =f2, Pe= e1 = e2 and PeRn−1 = eiRn−1. Notice that
rRn−1 (B
2k
1 )= rRn−1 (B
k
1)= rRn−1 (B
k1
1 )= rRn−1 (B
k2
2 )= rRn−1 (B
k
2)= rRn−1 (B
2k
2 )= PeRn−1 by
Oˆhori [12, Lemma 3] because Rn−1 is abelian by Lemma 2. Now let
X =


x x12 x13 · · · x1n
0 x x23 · · · x2n
0 0 x · · · x3n
...
...
...
. . .
...
0 0 0 · · · x


∈ rRn(B2k)
and denote B2k by

a2k y12 y13 · · · y1n
0 a2k y23 · · · y2n
0 0 a2k · · · y3n
...
...
...
. . .
...
0 0 0 · · · a2k


:
Then x and all xij’s, except x1n, are in PfS since rRn−1 (B
2k
1 )= rRn−1 (B
2k
2 )= PeRn−1. So we
have a2kx1n + y1nx=0, then since S is abelian, we have the following computations:
x= Pfx= x Pf, so 0= a2kx1n Pf + y1nx Pf= a2k Pfx1n + y1nx=y1nx ⇒ a2kx1n=0 implies
x1n ∈ PfS. Consequently rRn(B2k) ⊆ ERn with
E=


Pf 0 0 · · · 0
0 Pf 0 · · · 0
0 0 Pf · · · 0
...
...
...
. . .
...
0 0 0 · · · Pf


∈Rn:
E is central in Rn by Lemma 2, and notice
B2kE = BkEBkE=(BkE)2 =


ak Pf z12 Pf z13 Pf · · · z1n Pf
0 ak Pf z23 Pf · · · z2n Pf
0 0 ak Pf · · · z3n Pf
...
...
...
. . .
...
0 0 0 · · · ak Pf


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=


0 0 0 · · · z1n Pf
0 0 0 · · · 0
0 0 0 · · · 0
...
...
...
. . .
...
0 0 0 · · · 0


2
= 0
since rRn−1 (B
k
1)= rRn−1 (B
k
2)= PeRn−1, where zij is the (i; j)-entry of B
k . So ERn ⊆
rRn(B
2k) and we have rRn(B
2k)=ERn; therefore Rn is a generalized right p.p. ring.
If S is a reduced ring in Proposition 3, then Rn is also generalized left p.p. by
the symmetry when S is generalized right p.p. (so p.p. by Lemma 1(iv)). With these
preparations there may be generalized right p.p. rings that are not right p.p. as in the
following.
Example 1 (Commutative case). Let Z2 be the Eeld of integers modulo 2, and R=
{a0+a1i+a2j+a3k | ai ∈Z2 for n=1; 2; 3; 4} be the Hamilton quaternions over Z2. Then
R is not reduced by (1+i)2 = 0 and note that R is a commutative ring isomorphic to the
factor ring of the Hamilton quaternions over Z by the ideal {a0+a1i+a2j+a3k | an ∈ 2Z
for n=1; 2; 3; 4}, where Z is the ring of integers. Assume that R is a p.p. ring. Then
since R is commutative, R is reduced by Lemma 1(i), a contradiction to the fact
that (1 + i)2 = (1 + j)2 = (1 + k)2 = 0. Actually, all idemponts in R are 0 and 1 since
(a0+a1i+a2j+a3k)2 = a20−a21−a22−a23 ∈Z2 with a0+a1i+a2j+a3k ∈R, so 1+i∈ rR(1+
i) and 1 
∈ rR(1 + i) show that rR(1 + i) cannot be generated by an idempotent in R;
consequently R is not a p.p. ring. Next since (a0+a1i+a2j+a3k)2 = a20−a21−a22−a23 ∈Z2
with a0 + a1i+ a2j+ a3k ∈R; it follows that rR((a0 + a1i+ a2j+ a3k)2) is either R or
0. Thus R is a generalized p.p. ring.
Example 2 (Noncommutative case). Let D be a domain and R be the trivial extension
of D by D. Then R is semicommutative and so it is abelian. Assuming that R is a right
p.p. ring, then R is reduced by Lemma 1(i), a contradiction by the element
(
0 1
0 0
)
in
R. Thus, R is not a right p.p. ring. In fact there cannot be an idempotent e∈R such
that rR
((
0 1
0 0
))
= eR. But R is a generalized right p.p. ring by Proposition 3.
One may suspect that Lemma 1(i) also holds on generalized right p.p. rings, and
that given a reduced p.p. ring R the trivial extension of R by R is also p.p., based
on Proposition 3. However, they do not hold in general by Examples 1 and 2. The
condition “reduced” in Lemma 1(iv) is not superSuous by Examples 1 and 2. Ac-
tually the rings in them are semicommutative but neither reduced nor right p.p.
rings.
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3. Properties, questions and counterexamples
In this section, we study the properties of right p.p. rings and generalized right p.p.
rings, etc. First note that Baer rings have no nonzero central nilpotent elements, and
so commutative Baer rings are reduced. We extend this property onto right p.p. rings.
Proposition 4. Right p.p. rings have no nonzero central nilpotent elements.
Proof. Let R be a right p.p. ring and assume that there exists 0 
= a∈Z(R) such that
an=0 and an−1 
=0 for some positive integer n. Then since R is a right p.p. ring,
rR(an−1)= eR for some e= e2 ∈R. But a∈ rR(an−1), an−1 
=0 and so neither e=0 nor
e=1. ea= a= ae because a∈Z(R) and a∈ rR(an−1); hence we obtain 0= an−1e=
ean−1 = eaan−2 = aan−2 = an−1, a contradiction. We then get the result.
But this result does not hold for generalized right p.p. rings; the ring in Example 1
is a generalized p.p. ring that has nonzero central nilpotent elements. The following is
not only a corollary of Lemma 1(i), but also one of Proposition 4.
Corollary 5. Commutative p.p. rings are reduced.
Corollary 5 leads one to ask whether commutative reduced rings are p.p. rings.
However the answer is negative by the following.
Example 3. We use the ring in [11, Example 1(1)]. Let S0 =Z2, the ring of integers
modulo 2, S1 =Z2 ∗Z2; S2 = S1 ∗Z2; : : : ; Sn= Sn−1 ∗Z2; : : : ; where the operations on Sn
are as following: for (a; Pb); (c; Pd)∈ Sn with a; c∈ Sn−1, (a; Pb)+(c; Pd)= (a+c; b+ d) and
(a; Pb)(c; Pd)= (ac + bc + da; bd), where n=1; 2; : : : . Then every Sn is a Boolean ring
by the argument in [11, Example 1(1)] and so is commutative von Neumann regular.
Note that Sn−1 may be considered as a subring of Sn through the monomorphism
f : Sn−1 → Sn deEned by f(x)= (x; P0), and consider the direct product
∏∞
n=1 Sn with
S1 ⊂ S2 ⊂ S3 ⊂ : : : . Next deEne R=(
⊕∞
n=1 Sn; 1S), a Z2-subalgebra of S generated
by
⊕∞
n=1 Sn and 1S , where S =
∏∞
n=1 Sn and 1S =((0; P1); ((0; P0); P1); (((0; P0); P0); P1); : : :):
Then R is a Boolean ring by the argument in [11, Example 1(1)] and hence it is a
commutative reduced ring. Let T be the formal power series ring over R, then T is
commutative reduced, but not p.p. by the argument in [10, Example 4].
As a byproduct of the preceding example, we obtain that formal power series rings
over generalized right p.p. rings need not be generalized right p.p.; the ring R in
Example 3 is p.p. and so generalized p.p. But the formal power series ring T over
R is not generalized right p.p. by Lemma 1(iv) because T is reduced and not p.p.
Armendariz showed that polynomial rings over right p.p. rings need not be right p.p.
in the example in [1]. So it is natural to take the same argument for generalized right
p.p. rings. However, the following example erases the possibility. Given a ring R the
polynomial ring over R is denoted by R[x]. A ring R is called right hereditary if every
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right ideal of R is projective. Dedekind domains, e.g., the ring of integers, are left and
right hereditary, and right hereditary rings are clearly right p.p.
Example 4. Use the ring in [1]. Denote the ring of integers by Z and consider Z[x].
Let S be the 2× 2 full matrix ring over Z[x] and R be the 2× 2 full matrix ring over
Z. S is clearly isomorphic to R[x], and R is right p.p. by Chatters and Hajarnavis [3,
Theorem 8:17] since Z is right hereditary. Moreover R is Baer; for, since R is right
Noetherian, R is orthogonally Enite and so it is Baer by Chatters and Hajarnavis [3,
Lemma 8:4]. But S is not right p.p. by the symmetric version of the example in [1].
Next we show that S is also not generalized right p.p. Let
f(x)=
(
2 0
0 0
)
+
(
0 1
0 0
)
x∈ S
with n¿ 2. Then since
(
0 0
−2 −2
)
+
(
1 1
0 0
)
x let= r(x) is in rS(f(x)); rS(f(x)) 
=0:
For any positive integer k,
f(x)k =
(
2 x
0 0
)k
=
(
2k−1 0
0 0
)(
2 x
0 0
)
=
(
2k−1 0
0 0
)
f(x);
so if h(x) is in rS(f(x)k) then h(x) must annihilate f(x) since f(x)h(x) has nonzero
entries only on the Erst row when it is nonzero. Thus, rS(f(x)k)= rS(f(x)) for any
positive integer k because rS(f(x)) ⊆ rS(f(x)k). Assume that S is a generalized right
p.p. ring, then there exists g(x)∈ S such that g(x)2 = g(x) and rS(f(x))= g(x)S by the
preceding argument. So we repeat a similar computation to one for the example in [1]
as follows. Say g(x)= s0 + s1x+ · · ·+ snxn with si =
(
ai bi
ci di
)
for i=0; 1; 2; : : : ; n. Then
s0 is of the form
(
0 0∗ ∗∗
)
and 2b1 + d0 = 0. But g(x) is an idempotent so s0 is a
nonzero idempotent in R by r(x)∈ rS(f(x)); letting s0 =
(
0 0
c0 d0
)
then s20 =
(
0 0
c0d0 d20
)
.
So we have d20 =d0 and c0 = c0d0; hence d0 must be 1, if not s0 = 0. Consequently
s0 =
(
0 0
c0 1
)
. But 2b1 =−d0, so d0 must be zero, a contradiction. Therefore, S ∼= R[x]
is not a generalized right p.p. ring.
Given a Exed positive integer n, a ring R is called an n-generalized right p.p. ring if
xnR is projective for all x∈R. A ring is called an n-generalized p.p. ring if it is both
n-generalized right and n-generalized left p.p. ring. Clearly p.p. rings are n-generalized
p.p. and n-generalized p.p. rings are generalized p.p. rings. The ring in Example 1
C. Huh et al. / Journal of Pure and Applied Algebra 167 (2002) 37–52 47
is 2-generalized p.p., and the ring in Example 2 is 2-generalized p.p. by the follow-
ing proposition; but they are neither right nor left p.p. rings: and also commutative
n-generalized p.p. rings need not be reduced by Example 1, considering Lemma 1(i)
for p.p. rings.
Proposition 6. Let S be a domain and let Rn; with n¿ 2; be the ring in Lemma 2.
Then Rn is an n-generalized p.p. ring.
Proof. First let A∈Rn with nonzero diagonal and
Ak =


a a12 a13 · · · a1n
0 a a23 · · · a2n
0 0 a · · · a3n
...
...
...
. . .
...
0 0 0 · · · a


for any positive integer k. Next put
X =


x x12 x13 · · · x1n
0 x x23 · · · x2n
0 0 x · · · x3n
...
...
...
. . .
...
0 0 0 · · · x


∈ rRn(Ak);
then we have the following computations since S is a domain, using an induction on
n: a 
=0 induces x=0, so ax(n−1)n+a(n−1)n0=0 implies x(n−1)n=0⇒ 0=ax12=ax13+
a12x23= · · ·=ax1n+a12x2n+· · ·+a1(n−2)x(n−2)n+a1(n−1)x(n−1)n, but xij=0 for i=2; 3; : : : ;
n− 1; n by the induction hypothesis; hence 0= ax12 = ax13 + a120= · · ·= ax1n+ a120+
· · · + a1(n−2)0 + a1(n−1)0 gives 0= ax12 = ax13 = · · ·= ax1n ⇒ 0= x12 = x13 = · · ·= x1n
since a 
=0 and so X =0. Thus, rRn(Ak)= 0 for every positive integer k, and by the
symmetry we may obtain lRn(A
k)= 0 for every positive integer k. Next for B∈Rn with
zero diagonal, rRn(B
n)=Rn= lRn(B
n) since Bn=0, so we obtain the result.
Proposition 7. (i) The class of right p.p. rings is closed under direct products; and
so is the class of n-generalized right p.p. rings.
(ii) The class of abelian generalized right p.p. rings is closed under direct sums.
Proof. (i) Let R=
∏
i∈I Ri with Ri right p.p. rings and x=(xi)∈R. Then there is
an idempotent ei ∈Ri with rRi(xi)= eiRi for each i; let e=(ei)∈R then e2 = e and
rR(x)= eR. The proof for the class of n-generalized right p.p. rings is obtained by
replacing x by xn in the preceding one. (ii) Let R=
⊕
i∈I Ri with Ri abelian generalized
48 C. Huh et al. / Journal of Pure and Applied Algebra 167 (2002) 37–52
right p.p. rings and x=(xi)∈R. If x=0 then it is trivial. Let x 
=0 such that xij 
=0
for j=1; 2; : : : ; k and xi =0 for i 
= ij, where k is a positive integer. Then there is an
idempotent eij ∈Rij and a positive integer nij with rRij (xnijij )= eijRij for each ij. Let
n=max{ni1; ni2; : : : ; nik}, then since each Ri is abelian it follows that rRij (xnij)= eijRij
for each ij by Oˆhori [12, Lemma 3]. Now letting e=(ei)∈R such that ei = eij for
i= ij and ei =1Ri for i 
= ij, then e2 = e and rR(xn)= eR, where 1Ri is the identity of
Ri.
We deal with the direct sums as rings without identity when the index sets are
inEnite in Proposition 7. Proposition 7 leads one to conjecture that direct products of
abelian generalized right p.p. rings are also generalized right p.p. rings. But it does
not hold in general by the following lemma and example. A ring R is said to have
enough idempotents if the identity of R can be written as the sum of a Enite number of
orthogonal primitive idempotents. Orthogonally Enite rings have enough idempotents.
We obtain the following for generalized right p.p. rings with enough idempotents by
using a slightly modiEed proof of [12, Proposition 3].
Lemma 8. Suppose that R is a generalized right p.p. ring with enough idempotents;
say e1; : : : ; et are orthogonal primitive idempotents with
∑t
i=1 ei =1; and I be a nil
right ideal of R. If xei with x∈ I has index n¿ 2; then (xei)mR is not projective for
any m with 1¡m¡n.
Proof. Assume on the contrary that (xei)mR is projective. DeEne f : eiR → (xei)mR
by eir → (xei)mr. Then clearly f is a right R-epimorphism. Kerf is a direct summand
of eiR because (xei)mR is projective. But ei is primitive, so kerf=0 and we have
ei(xei)n−m=0; hence (xei)n−(m−1) = 0, a contradiction to the fact that n is the index
of xei.
Example 5. Let S be a domain and Rn be the ring in Proposition 3 for n=2; 3; : : :
deEned over S. Then each Rn is abelian generalized right p.p. by Lemma 2 and Propo-
sition 3. Set R=
∏∞
n=2 Rn. Consider x=(xn)∈R with
xn=


0 1 1 · · · 1 1
0 0 1 · · · 1 1
...
...
... · · · ... ...
0 0 0 · · · 0 1
0 0 0 · · · 0 0


∈Rn:
Then xnn=0 for each n, but x
k cannot be zero for any positive integer k ¡n; hence the
index of xn is n. Note that every idempotent in R is of the form (en) with e2n = en ∈Rn
for each n. Assume that R is a generalized right p.p. ring. Then there is a posi-
tive integer h and e2 = e∈R with e2n = en ∈Rn for each n such that rR(xh)= eR and
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rRn(x
h
n)= enRn. However, for each l¿h; rRl(x
h
l ) cannot be generated by an idempotent
by Lemma 8, a contradiction.
In the following we see a generalized right p.p. ring which is not an n-generalized
right p.p. ring for any positive integer n.
Example 6. Let Z2 be the Eeld of integers modulo 2; S =Z2 and Rn be the ring in
Lemma 2 for n=2; 3; : : : deEned over S. Then each Rn is abelian generalized right p.p.
by Lemma 2 and Proposition 3. DeEne a Z2-subalgebra R=(
⊕∞
i=2 Ri; 1
∏∞
i=2 Ri), gener-
ated by
⊕∞
i=2 Ri and the identity 1
∏∞
i=2 Ri of
∏∞
i=2 Ri. Take x=(xi)∈R. If x∈
⊕∞
i=2 Ri
then there are an idempotent e∈R and a positive integer n with rR(xn)= eR by Propo-
sition 7(ii). Assume x 
∈⊕∞i=2 Ri, then there is a positive integer k such that xi =1 for
i¿ k (here we may identify 1Ri with 1∈Z2 for all i). Notice that there are an idempo-
tent f=(fi)∈R and a positive integer m with rR(ym)=fR by Proposition 5(2), where
y=(yi)∈R with yi = xi for i=2; 3; : : : ; k−1 and yi =0 for i¿ k. Put e=(ei)∈R with
ei =fi for i=2; 3; : : : ; k − 1 and ei =0 for i¿ k. Then we have rR(xm)= eR, so R is
generalized right p.p. ring. However, there cannot be a positive integer n such that R
is n-generalized right p.p., by a similar argument to one in Example 5.
As a similar case to Proposition 7, we may conjecture that subrings of (generalized)
right p.p. rings are also (generalized) right p.p. But the answers are negative by the
following argument.
Example 7. Let F be the quotient Eeld of the commutative domain Z[x] where Z is
the ring of integers. Letting S be the 2× 2 full matrix ring over F; S is clearly Baer
and so a right p.p. ring. But the 2× 2 full matrix ring over Z[x], which is a subring
of S, is not a (generalized) right p.p. ring by the example in [1] and Example 4.
As a byproduct of Example 4, the concept of (generalized) right p.p. ring is not a
Morita invariant property because Z[x] is Baer but the 2×2 full matrix ring over Z[x]
is not a (generalized) right p.p. ring. But we may End a kind of subrings of right p.p.
rings which may be right p.p. as follows. Given a ring R and an idempotent e in R,
(i) if R is Baer then so is eRe by Kaplansky [9, Theorem 4] and (ii) if R is a right
p.p. ring then so eRe by Colby and Rutter Jr. [6, Lemma 2:5]. Here we obtain another
simpler proof of (ii), using the proof of [9, Theorem 4], and also have the same result
for n-generalized right p.p. rings and generalized right p.p. rings.
Proposition 9. Suppose that R is a ring and e2 = e∈R. Then we have the following
assertions:
(i) If R is a right p.p. then so is eRe.
(ii) If R is n-generalized right p.p. then so is eRe.
(iii) If R is a generalized right p.p. then so is eRe.
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Proof. (i) We use the proof of [9, Theorem 4]. Let x∈ eRe. Then since R is right p.p.,
there is an idempotent f∈R such that rR(x)=fR. Note that reRe(x)= rR(x)∩ eRe and
1−e∈ reRe(x), so 1−e=f(1−e) and ef= efe. Let g= ef, then clearly g2 = g∈ eRe.
xg= xef= xf=0 and y= ey= efy= gy∈ geRe for y∈ reRe(x); hence reRe(x)= geRe.
(ii) We may obtain the proof by using xn instead of x in the proof of (i). But here
we use the method in [6, Lemma 2:5]. Let x∈ eRe. Then since R is n-generalized
right p.p., xnR is projective, so that the exact sequence eR → xnR → 0, deEned by
er → xnr, splits. Whence eR=fR ⊕ gR with f; g idempotents in R; fR ∼= xnR and
xn= xne= xn(f + g)= xnf + xng= xnf. Thus, xneRe= exnRe ∼= efRe= efeeRe with
fe=f and (efe)2 = efefe= ef2 = ef= efe, showing that eRe is an n-generalized
right p.p. ring. (iii) Let x∈ eRe. Then since R is generalized right p.p., xnR is projective
for some positive integer n. The remainder of the proof is same as one of (ii).
The center of Baer rings is also Baer by Kaplansky [9, Theorem 7]. We extend this
result onto the generalizations as in the following.
Lemma 10. Let R be a ring; x∈Z(R) and m; n be positive integers. Suppose that
rR(xm)= eR and lR(xn)=Rf for some nonzero idempotents e; f∈R such that xhe 
=0
for all h with 0¡h¡m and fxk 
=0 for all k with 0¡k¡n. Then m= n
and e=f∈Z(R).
Proof. First assume m¡n, then fxm 
=0 by the condition. Since x∈Z(R) and m¡n;
e∈ lR(xn)=Rf and fxn−m ∈ rR(xm)= eR; hence we have ef= e and fxn−m=
efxn−m= exn−m. In this situation, if n¿ 2m then n−m¿m so 0 
=fxn−m= exn−m=
xmexn−2m=0, a contradiction; consequently m¡n¡ 2m and so 0 
=fxm=fxn−mx2m−n
= exn−mx2m−n= exm= xme=0,a contradiction. It follows that m¿ n. Next assume
m¿n. Then by the symmetry of the preceding case we also obtain a contradiction;
hence we have m= n. Then eR= rR(xm)= lR(xm)=Rf implies that e= ef=f and
er= ere= re for all r ∈R.
Proposition 11. For a ring R we have the following assertions:
(i) If R is a p.p. ring then so is Z(R).
(ii) If R is an n-generalized p.p. ring then so is Z(R).
(iii) If R is a generalized p.p. ring then so is Z(R).
(iv) If R is an abelian generalized right p.p. ring then Z(R) is generalized p.p.
(v) If R is an abelian n-generalized right p.p. ring then Z(R) is an n-generalized
p.p.
Proof. (i) We use the method in the proof of [9, Theorem 7]. Let x∈Z(R). Then
rR(x)= eR and lR(x)=Rf for some e= e2 and f=f2 in R, because R is a p.p.
ring. But since rR(x)= lR(x), we have e=f; next since rR(x) is a two-sided ideal
of R, it follows that for every r ∈R; re= ere=frf=fr= er; hence e=f∈Z(R).
We now claim that rZ(R)(x)(= rR(x) ∩ Z(R))= eZ(R). Clearly, eZ(R) ⊆ rZ(R)(x). Let
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a∈ rZ(R)(x), then a∈ rR(x) and so a= ea∈ eZ(R); hence rZ(R)(x) ⊆ eZ(R). Conse-
quently rZ(R)(x)= eZ(R) and thus Z(R) is a p.p. ring. (ii) The proof is same as the case
of (i), using xn instead of x. (iii) Let x∈Z(R). Since R is a generalized p.p., there ex-
ist positive integer m; n and e2 = e; f2 =f∈R such that rR(xm)= eR and lR(xn)=Rf;
in this situation we may assume that m; n are the smallest such ones. Then m= n
and e=f∈Z(R) by Lemma 10. The next process is similar to the proof of (i). (iv)
Take x∈Z(R). Then there are an idempotent e∈R and a positive integer k such that
rR(xk)= eR since R is a generalized right p.p. ring. Because e is central by hypothesis,
we obtain the proof by replacing x by xk in one of (i). (v) Similar to one of (iv).
A ring R is called right Ore if given a; b∈R with b regular (i.e., not a zero divisor)
there exist a1; b1 ∈R with b1 regular such that ab1 = ba1. It is a well-known fact that
R is a right Ore ring if and only if there exists the classical right quotient ring of R.
An element a in a ring R is called strongly -regular in R if there exists a positive
integer n, depending on a, and b∈R such that an= an+1b. Due to Cohn [5], a ring R is
called reversible if ab=0 implies ba=0 for a; b∈R, i.e., for each x∈R; lR(x)= rR(x).
Reduced rings are reversible and reversible rings are semicommutative. A ring is called
right duo if every right ideal of it is two-sided. A ring R is called weakly right duo
if for each a∈R there exists a positive integer n, depending on a, such that anR is
two-sided. Right duo rings are clearly weakly right duo, and the ring R3 in Lemma 2
over a division ring S is weakly right duo but not right duo. Weakly right duo rings
are abelian by Yao [14, Lemma 4], so we simply say weakly right duo p.p. rings by
Lemma 1(iii). Chatters and Xue [4, Lemma 3] showed that a right duo p.p. ring is
reduced and has the von Neumann regular right classical quotient ring, and this result
played key role in the paper. In the following, we obtain the result on weakly right
duo p.p. rings and a similar one on right Ore rings that are generalized right p.p. and
reversible, by slightly modiEed proofs of [4, Lemma 3].
Proposition 12. For a ring R we have the following assertions:
(i) If R is weakly right duo then R is right Ore.
(ii) If R is a weakly right duo p.p. ring then R is reduced and has the strongly
regular classical right quotient ring.
(iii) If R is right Ore; generalized right p.p. and reversible; then every element of R
is strongly -regular in the classical right quotient ring of R.
Proof. (i) Let a; b∈R with b regular. Then there is a positive integer n such that
bnR is two-sided, so we have abn= bnc= b(bn−1c) for some c∈R. Since bn is also
regular, R is right Ore. (ii) Since R is abelian by Yao [14, Lemma 4], R is re-
duced by Lemma 1(i). By (i) there is the classical right quotient ring of R, say
Q. Let a∈R, then by hypothesis there is a positive integer n and e2 = e∈R such
that anR is two-sided and rR(a)= eR. Let k be any positive integer, then rR(ak)= eR
by Oˆhori [12, Lemma 3], so we have that akR ∩ eR=0; akR + eR=(ak + e)R and
ak + e is regular (hence amR + eR is essential for m6 n). Consequently every
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regular element in R is of the form a + e as above, containing the case that a is
regular and e=0. Next take x= ab−1 ∈Q. Then by the preceding argument there is
e2 = e∈R such that a + e is regular and aR + eR=(a + e)R, so we have xQ= aQ
and aQ + eQ=(a+ e)Q=Q. It follows that xQ= ab−1Q= ab−1(a+ e)Q=(ab−1a+
ab−1e)Q= ab−1aQ= ab−1ab−1bQ= ab−1ab−1Q= x2Q, so Q is strongly regular. (iii)
First let Q be the classical right quotient ring of R and a∈R. Since R is generalized
right p.p., there is a positive integer h and e2 = e∈R such that rR(ah)= eR. Reversible
rings are abelian, so we have that ahR ∩ eR=0; ahR + eR=(ah + e)R and ah + e is
regular. It then follows that ahQ+ eQ=(ah + e)Q=Q and a2hQ= ah(ah + e)Q= ahQ,
so a is strongly -regular in Q.
Corollary 13. Let R be a weakly right duo p.p. ring. If I is an n-generated (projective)
right ideal of R; then I is a direct summand of an n-generated essential (projective)
right ideal of R.
Proof. By the proof of [4, Lemma 3(2)], based on Proposition 12(ii).
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